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Problem 1. Show that in any triangle AABC the following inequalities hold:

3
cos A+ cosB +cosC < 3 .What is the minimal value of the sum?

Problem 2. A 3 x 3 real matrix is called magic if there is a real number S such
that in each row, column, and diagonal the sum of the elements equals S.

a) Show that the set of magic matrices is a real vector space and find its
dimension.

b) Can you find a basis of this vector space with integral matrices?

Problem 3. A continuous function f: D — R is defined on the set D = {z €
Cl1<|z| <2}

a) Show that for any r € [1,2] there is an element z. € D ,|z.| = r such
that f(zr) = sup, |, f(z) = M,; also, for any a € [0,27] there is an element
2o € D,arg zo = v, such that f(zq) = infarg .= f(2) = Aa.

b) Put in increasing order the two numbers:

M= inf M,and A= sup A,.
rell,2] agl0,27]

Problem 4. a) Show that any finitely generated subgroup of the group (Q, +)
is cyclic, but the group itself is not cyclic.
b) Can you find a surjective function f: N — Q \{0} such that:

flxy) = f(x)f(y) ?

Problem 5. For a continuous function f : [0,1] — R, compute

lim niz" f(x)dx (particular case : f(x) is a polynomial function).
n—oo

Time: 3 hours.



