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Abstract 
 
 A brief introduction to the relation between prime counting function and the zeroes 
of the Riemann zeta function is provided. 
 
1. Introduction 
 

The distribution of prime numbers, numbers with only two positive divisors, 
among the natural numbers has many interesting properties. The distribution seems 
follows no regular pattern but it can be seen that the prime numbers become less 
common as we go towards large numbers. However, it is also known that they 
sometimes occur in pairs called the twin primes. Bernhard Riemann, a 33 years old 
German mathematician, studied the distribution of prime numbers and proved that 
the distribution of prime numbers is very closely related to the complex zeroes of a 
function now known as the Riemann zeta function, 
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Riemann’s famous hypothesis asserts that all complex zeroes of ζ(s) lie on a straight 
line. More precisely the complex zeroes of the zeta function have real part 1/2. This 
has been checked for the first 10 trillion zeros [1], but no general proof is known. A 
proof of the hypothesis will give greater understanding of the distribution of the 
prime numbers. ([2] is an excellent popular book on Riemann hypothesis. A more 
technical account is given in [3]). Prime numbers have been a source of constant 
fascination for the mathematicians. The first proof of the fact that there is infinite 
number of primes was given by Euclid in the third century BC. A major 
breakthrough in the understanding of the distribution of prime numbers came in 
1896, when Jacques Hadamard and Charles de la Valle Poussin

 
independently 
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proved the Prime Number theorem [4, 5]. Let us define the prime counting function 
as follows,  
 

        ( ) 1
p x

xπ
≤

= ∑ =   # of primes less than or equal to x .            (2) 

 
     The graph of ( )xπ  for various intervals is shown in Fig. 1, Fig. 2 and Fig. 3. 
Since there are infinitely many prime numbers it is clear that 
 
                                                              ( )x as xπ ∞ ∞a a                                    (3) 

 
 

 
                  
 
    But how exactly ( )xπ  approaches infinity for x very large was not known for a 
long time. The prime number theorem, proposed by Gauss in 1792, gives an 
asymptotic formula for ,x ∞a  

                                                                      ( )
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     Gauss later refined this to  
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2. Riemann zeta function: 

     The Riemann zeta function was actually first studied by Euler for real s. He also 
gave a product representation of the zeta function, which shows a clear link with the 
prime numbers. Recall that for natural numbers the unique factorization property 
holds i.e., if n is a natural number then it has a unique representation in terms of 
primes given by 

                                                                         .                                     (6) 
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     Where the product is over all prime numbers and ais are non-negative integers 
such that most of them are actually zero. Using this property of natural numbers the 
zeta function can be expressed as a product, known as the Euler product,  
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     Riemann rediscovered the zeta function while studying the distribution of primes.   
He studied it as a function of a complex variable and defined an analytic 
continuation to the whole complex plane. From the Euler product representation it is 
clear that there are no zeroes of the zeta function for Re(s) > 1.  

3. Analytic Continuation and Functional Equation:  

      The Riemann zeta function as defined in the last section converges only for        
Re(s) > 1. However, it can be analytically continued so that it converges for       
Re(s) > 0 (except for s = 1) using the following formula:  
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     The function η(s) is convergent for Re(s) > 0. Actually it turns out that the 
Riemann zeta function has an analytic continuation to the whole complex plane 
given by  
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where the contour C is a path coming from −∞  just below and parallel to the real 
axis, circling the origin anticlockwise and returning to −∞  parallel and just above 
the real axis. The Gamma function, ( )sΓ  is defined as  

                                                                                                      (10) 1
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     The above integral gives a definition of the zeta function valid for all 1s ≠ . ( )sς  
has a pole at s = 1 with residue 1. It can be expanded in a Laurent series around        
s = 1,  
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Where  
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0γ is the famous Euler’s constant equal to 0.5772157...  

     The Riemann zeta function satisfies a remarkable identity, discovered by 
Riemann, known as the functional equation of the Riemann zeta function. It is given 
by  
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     The functional equation given above can be proved using the modular property of 

the theta function                   , 
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and the following representation of the zeta function valid for Re(s) > 1,  
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4. Trivial and Non-trivial zeroes: 

     From the functional equation of the Gamma function it follows that ( )sς is zero 
at , n =1, 2, 3… To see this let 2s = − n n2s = −  in the functional equation, eq (13) to 
obtain  
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since 1(
2

nΓ + )  and (2 1)nς +  are finite and ( )sΓ has a pole at  therefore  s = −n

( 2 ) 0nς − =  for n=1, 2, 3 ... These zeroes on the real axis are called the trivial zeroes.  
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     The complex zeroes of the zeta function are more interesting and, as we will see 
in the next section, are directly related to ( )xπ , the prime counting function. From 
the functional equation it is clear that if 0s s=  is a complex zero of ( )sς  then  

is also a zero. Since  
01 s−

( ) ( )s sς ς=  therefore 0s s=  is a complex zero if  is a 
complex zero. Riemann conjectured that the complex zeroes of the zeta function lie 
on a straight line, critical line, given by 

0s

1Re( ) .2s =  Thus according to Riemann 

hypothesis if ( ) 0sς =  and Im  then ( ) 0s ≠
1 , .
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The table below gives the first ten non-trivial zeroes of the zeta function.  
 

 
 
     It was shown recently [6] that Riemann hypothesis is equivalent to proving the 
following relation between the harmonic numbers and the divisor sums 
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     Euler’s formula gives a product representation of the zeta function. Another 
product representation involving the zeros of the zeta function is the Hadamard 
product given by 
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where the product is over w, the non-trivial roots of the zeta function. The           
non-trivial roots of the zeta function; , can be used to define series similar to the 
Harmonic series which in this case are actually convergent. Define 

kw
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then ( )Z n  is convergent and (1)Z  was determined by Riemann to 

 37 



AMER IQBAL 

be 0
1 (2 ln(4 ))
2

γ π+ − . 

 
5. ( )xπ and complex zeros of ς (s): 
 
     To understand the relation between the prime counting function and the zeros of 
the zeta function let us define an arithmetic function which counts, with a certain 
weight, primes and powers of primes less than x, 
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     The function  can be expressed in terms of the prime counting function,  ( )J x
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     Using the Mobius inversion formula it is possible to express ( )xπ  in terms of 

,  ( )J x

                                                1/
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     The link between ( )xπ  and the zeroes of the zeta function are provided by the 
function  and the above expression of ( )J x ( )xπ  in terms of . To see this let us 
take the natural log of the Euler product representation of  

( )J x
( )sς , 
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     Since the above integral jumps every time a prime power occurs therefore, 
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     Thus we see that ln ( )s
s
ς is the Mellin transform of . The inverse Mellin 

transform gives  in terms of 
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     Using the product representation eq (18), of the zeta function in terms of its roots 
we get, 
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Where ( )
ln( )

x duli x
uμ

= ∫ and 1.45136...μ =  is the Soldner’s constant. Since ( )xπ is 

determined by therefore we see that the prime counting function depends on 
the zeroes of the zeta function. This was the famous result proposed by Riemann and 
proved by Mangoldt in 1895.  

( )J x
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