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Abstract

Let R be a ring with a multiplicative identity. This paper is an introduction to the
study of multiplicative group of units U(R) of the ring R. Here we recall briefly
those notions needed to understand some results on this subject.

Introduction

Throughout this paper the symbol R will be used to denote an associative ring
with a multiplicative identity. An element of R is called a unit if it has an inverse. If
‘a’ and ‘b’ are units, then a™ and ab are units. Hence it follows that the units of a
ring R form a group U(R) with respect to multiplication.

The study of the group of units of a ring plays a dominant role in algebra.
Traditionally this study consists of two distinct directions. The first of these deals
with the properties of the group of units of a particular ring whereas the second one
concerns with all the rings that have their groups of units isomorphic to a given
group. In this article we offer a collection of notions and results on these subjects.

1. The group of units of particular rings

There are many important results on the group of units of particular rings. For
example it is well-known that the multiplicative group Q* of rational numbers is
isomorphic with a direct sum of the additive group Z/(2) and a countable direct sum
of infinite cyclic groups and the multiplicative group of the finite field Z/(p) is a
cyclic group of order p-1.

A multiplicative group G is periodic if each geG is a finite order, that is,

g™ =1 for some positive integer m. If K is a field, the elements of finite order of K*

form a periodic subgroup PK* whose structure is given in the following theorem
([4], Ch. XVIII):
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Theorem 1. If K is a field of characteristic zero, a periodic group is
isomorphic with PK* if and only if it is isomorphic with a subgroup of the additive
group Q/Z having elements of order 2.

An abelian multiplicative group G is divisible if for everygeG, and every

integer m there exists an element h in G with h™ =g. It is easy to see that the

additive group of rational numbers Q is a divisible group. If p is prime number, the
subgroup of C* of all p"-th roots of units for n = 0,1,2,... is also a divisible group

denoted by Z(p°°). the next theorem gives a complete determination of divisible
abelian group ([4], Ch. IV or [8], §5).

Theorem 2. A divisible abelian group is a direct sum of groups each
isomorphic to the additive group of rational numbers or to Z(p"") for various

primes p.

By Theorems 1 and 2 it follows the structure of the group K*, if K is either an
algebraically closed field, or a field which is a finite extension of its prime field
([4], Ch. XV1II).

Theorem 3. If K is an algebraically closed field, then a group is isomorphic
with K* if and only if it is isomorphic with a group which has either the form

Q/Z&®Q,

If the characteristic of K is zero, or
® Z(p)®eQ,
Pi#P n

if the characteristic of K is p = 0. Here n is an infinite cardinal number or n = 0
(only in the second case), p; are prime numbers and the groups Z(pf) are
considered additive groups.

Theorem 4. If K is a field which is a finite extension of its prime field, then a
group is isomorphic with K* if and only if it is isomorphic with a group which has
either the form

Zimee®z,

where m is an even positive integer, if the characteristic of K is zero, or

ZI(p"-1),
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with n a positive integer, if the characteristic of Kis p = 0.

If K be a number field, that is a subfield of the field of complex numbers C
which is a finite extension of the field of rational numbers Q, an element x of K is
called an algebraic integer if it is a root of a monic polynomial with coefficients in
Z. All algebraic integers of K form a ring called the number ring of K. It is well
known the unit theorem of Dirichlet in a number ring ([9], Ch. 5).

Theorem 5. Let K be a number field and let r and 2s denote the number of
real and non-real embedding of K in C. If R is the number ring of K, then U(R) is the
direct productG x H , where G is a finite cyclic group consisting of the roots of 1 in
K and H is a free abelian group of rank r+s-1.

A field K is called formally real if the only relations of the form Z x> =0 in
i=1
K are those for which every x, =0. K is called real closed if it is formally real and

no proper algebraic extension of K is formally real. Any real closed field can be
ordered in one and only one way. The following theorem gives the structure of the
multiplicative group of units of a real closed field ([4], Ch. XVIII).

Theorem 6. Let K be a real closed field. Then a group is isomorphic with K*
if and only if it is isomorphic with a group which has the form

ZIQ)o®Q,
where n is an infinite cardinal number.
If we consider Q, the field of p-adic numbers and Z, the ring of p-adic

integers, where p is a prime number, then it is known the following result
([4], Ch. XVI1II).

Theorem 7. A group is isomorphic with Q’; if and only if it is isomorphic
with an additive group that has either the form

ZezZI(p-1e®Z,
if p is an odd prime number, or the form

Z®Z1(2)9Z,,
If p=2.

If R is a commutative ring and G is a multiplicative group, then the group

ring R[G] consists of all formal finite sums of the form Zagg with ag in R. Then
geG

R[G] is an associative R-algebra with multiplication defined distributively using the
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group multiplication in G. If K is a field, one of the interesting problems in-group
rings concerns classifying those situations in which U(K[G]) have particularly nice
properties.

A group G is nilpotent if it possesses a finite normal series
G=A2A>2.2A={}, in which A,/A is in the center of G/A for
i=1,2,...,r. If Gisagroup, the subgroup G" generated by all the commutators
(x, y)=x"y'xy, wherex, y € G, is called commutator subgroup or derived group. A

group G is said to be solvable if the sequence G 5G'©G" o..oG" ..., where

each G is the derived group of the preceding, terminates in the identity in a finite
number of steps, say, G ={1}.

The case in which U(K[G]) is assumed to be nilpotent has been completely
settled by Khripta and by Fisher, Parmenter and Sehgal. On the other hand, the
complete determination of those situation with U(K[G]) solvable is more difficult. If
K is a field and G a finite group the problem was solved by Passman ([10], p. 1132)
and by Bovdi for a field of characteristic p and a nilpotent group. In [1] Bovdi gave
a survey of results and unsolved problems concerning the group of units of U(K[G]),
where K is a field of characteristic p. A group P is a p-group if every element of P
except the identity has order a power of a prime p. Here we are given only the
following two results.

Theorem 8. Let K be a field of characteristic p>2 and let P be a nontrivial
p-Sylow subgroup of the torsion group G. The non abelian group U(K[G]) is
solvable if and only if the commutator subgroup of G is a finite p-group or K is the
field of three elements, the 3-Sylow subgroup P is a finite normal subgroup and the

factor group G =G /P satisfies one of the following conditions:

a) G is an extension of an elementary abelian 2-group A by a group <b> of
order 2;
b) G is an extension of an abelian group A of exponent 4 by a group <b> of
order 2and bab™' =a™ forall acA;
c) G is an extension of an abelian group A of exponent 8 by a group <b> of
order 2 and bab=a® forall acA;
d) G is a direct product of the group.

(a,bla®=b*=1,(a,b)’ =1,(a,b,a) = (a,b,b) =1}

of order 32 and the elementary abelian 2-group.

Theorem 9. Let K be a field of characteristic 2 and assume that 2-Sylow
subgroup of the torsion group G is nontrivial. The non abelian group U(K[G]) is
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solvable if and only if there exists a finite normal 2-group N such that the factor
group G =G/ N satisfies one of the following conditions:

a) G is abelian;

b) |K|=2 and G is an extension of an abelian group A by a group <b> of
order 2, where A is a direct product of a bounded abelian 2- group of finite
exponent and an elementary 3-group W and bab=a® forall aeW;

¢) G is a direct product of an abelian group W having no element of order 2
and a 2-group B with the following properties:

1. B has an abelian normal subgroup of index 2;
2. B/C(B) is a group of finite exponent, where C(B) is the center of B.

2. Rings, which have their groups of units isomorphic to a given group

If R is a ring, the intersection of the maximal right ideals of R is a two-sided
ideal J(R) of R which is called the Jacobson radical of R. A ring R is called a ring
with minimum condition for right (left) ideals (a right (left) artinian ring) if and only
if in every non-empty set of right (left) ideals in R, partially ordered by inclusion,
there exists a minimal element. If R is a right (left) artinian ring and R/J(R) is
isomorphic to the complete matrix ring over a division ring, then R is called a
primary ring and if R/J(R) is a division ring, R is called a completely primary ring.
We remark that a commutative artinian ring is a primary ring if and only if it is a
completely primary ring.

In [5] Gilmer determined those finite commutative rings R having a cyclic
multiplicative group of units. Since R is a direct sum of primary rings Ry, Ry,...,R,
and U(R) is the direct product of U(R1), U(R2),...,U(Rn), U(R) is cyclic if and only if

each U(R;) is cyclic and for 1<i< j<n, (‘U (R )HU (R, )‘) =1. Hence it follows that

we can consider R a finite commutative primary ring. The main result of Gilmer is
the following:

Theorem 10. Each of the following classes consists of finite primary
commutative rings R having a cyclic multiplicative group of units. Any finite
commutative primary ring with a cyclic multiplicative group of units is isomorphic
to an element of one and only one of these classes.

a) GF(p");

b) z/ (p™), where p is an odd prime and m>1;
c) Z/(4);

d) Z/(p) [X]/(X?), where p is a prime;

e) Z/ (2) [XI/(X);

f) Z/ (4) [X]/ (2X, X3-2).
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This result was extended ([3], p. 248) to artinian rings having a cyclic group of
units and then ([6], p. 148) to artinian rings R having all Sylow subgroups of U(R)
cyclic groups.

A commutative ring such that its non-units form an ideal is called a local
ring. If R is a finite completely primary ring it is known that the following result
([7], p. 256) which gives a representation of all finite completely primary rings
having a nilpotent group of units by means of a finite p-group and homomorphic
image of a polynomial ring.

Theorem 11. Let R be a finite completely primary ring. Then U(R) is a
nilpotent group if and only if R is a homomorphic image of the group algebra C[P]
so that the following holds:

P is a finite p-group, where p is a prime number; C is a homomorphic local

image of the ring Z/( pr)[X]/(X Pt —1), where r and s are positive integers.
A crossed product S(G,y,o) is an associative ring determined by a ring S

with a multiplicative identity, a multiplicative group G, a map o:G — AutS and a
factor set y, that is a map y:GxG —>U(S) such that, for all aeS and

9:,9,,9; €6,

7/(91’9293)7(gzvg3):7(glgzv93)7(91’gz)gsa

and
a7 = 7(0,,0,)" %7 (0,,6,).

The elements of S(G,y,o) are expressions Ztgag, where a; €S and a, =0 for
geG

all but a finite number of g € G. We consider

Ztgag = Ztgbg

geG geG

if and only if a, =b, forall g € G and we define

Ztgag +Ztgbg = ztg (ag +b9)’

geG geG geG

[ztgagJ[zthbhjs St (0. h)ab, .

geG heG g.,heG
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We note also that the element ty(L,1)™" is the multiplicative identity
forS(G,y,o) . Moreover the elements t; are units and

G =(ranr(o%0)) 1, -

Let R be a right artinian ring. A two-sided ideal | in R is said to be
indecomposable if it is impossible to express | as a direct sum of two non-zero two-
sided ideals of R. If R=1,®1,®...® |, is any decomposition of R into two-sided
indecomposable ideals, the direct summands I; are called the blocks of A ([2], Ch.
VII). If J(R) = (0), R is called a semi-simple ring. R is called a simple ring, if the
only two-sided ideals of R are the trivial ones (0) and R. If R is a semi-simple ring,
then R is the direct sum of a finite number of simple rings ([2], Ch. V) which are
called the simple components of R. Finally we give a representation of a large class
of right artinian rings, including all the finite-dimensional algebras over a field of
characteristic p>2, having a nilpotent group of units ([7], p. 259).

Theorem 12. The following properties of the ring R are equivalent:

a) R is a right artinian ring finitely generated over its center, its prime
subring Rg is a finite ring, every block of R is an artinian ring such that at most one
simple component of the ring R/J(R) is a field of order 2 and U(R) is a nilpotent
group.

b) R is a direct sum of the rings Ri,Rz,..., R, where every R; is a
homomorphic image of a crossed product of the form S(G,y,o)/l so that the

following four conditions hold:

1) S is a completely primary artinian ring and there exists a finite p-group P,
where p is a prime number, so that S = C[P]/L, where L is a two-sided ideal of the

group algebra C[P] of the p-group P over the local commutative artinian ring C of
characteristic a power of p. Moreover P% < P for allg € G, where P is the image
of PinS.

2) G is a direct product G =(g,)x...x(g,) of non-trivial cyclic groups.

3) 7(g',9") eP forall g',g"eG and y(1,1) =1.

4) 1 is a finitely generated two-sided ideal so that

=3 5(6,7,0)%S5(G,7.0)+ Y. S(G, 7.0y, S(G, 1. 0),

i=1

and every x; is of the type t;® +t5""a, +..+a, ),
integers and there exists a positive integer m such that

witha; € S, n(i) are positive
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{Yiron s} :{(zl,...,zm)—tl | Z, e{tgu'"’tg,}u P:i :1,2,...,m},

where (z,,...,z, ) are commutators.
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