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ABSTRACT. A robot is a mechanical system which constitutes of pieces
called link connected to the other through joints and of pieces which act
in harmony with each other. The action of walking and climbing the stairs
can be taken as a model of a robot to be defined. A special modelling
that called 2 X 3R robotics modelling has been given in [13] and [14]. The
related robotic modelling consisting of triple revolute joints were defined
and motion matrices of model and its parameters had been achieved. The
inspiring source in 2 X 3R robotic modelling was man’s walking and climb-
ing the stairs. The modelling of motion varies in every consecutive phases
in terms of redescribing the fixed frame. Motion equations used in robot-
ics modelling, sometimes, much more suitable in technical view. Form of
matrices of motion was found in the kinematics analysis belong to 2 x 3R
robotics modelling which is defined at [13] and [14]. In this paper, equa-
tions of motion which is belong to 2 x 3R robotics modelling has formulated
by quaternion operator.

Key words : Step motion, transforming frame, kinematics, pole point,
quaternion, climbing the stairs.

1. Introduction

1.1. Displacements. A mapping F' : R — R" is called a rigid transforma-
tion, if the following condition is satisfied :

X1 = [1FX]
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66 SENAY BAYDAS AND BULENT KARAKAS

for all X € R", where, ||, || is Euclidian norm in R"[1]. Rotations and transla-
tions in R™ are rigid transformations and used commonly in kinematic studies
[1]. To study the position of one body relative to another, we attach coordi-
nate frames to each. One is chosen as the ground with coordinate frame F',
and the other, the moving body, has the coordinate frame M. We use the
coordinate transformation

D:F— M

which transforms coordinates measured in M to those measured in F', to
represent the position of M relative to F'. This transformation is given by

X =[A]z+d
where x is the coordinate vector of a point in M and X is coordinate vector
of the same point but measured in F. If the moving body is of dimension n
(usually n=2 or 3), then [A] is an n X n matrix and d is an n- dimensional
vector. This transformation’s matrix form is
A d
o-li Y]

[7]. Motion which is given by matrix D can be given also with quaternion.

1.2. Quaternion Algebra. In 1843 Hamilton invented the so-called hyper-
complex number of rank 4, to which he gave the name quaternion. Crucial to
this invention was his celebrated rule

2= 2=k =1

for dealing with the operations on the vector part of the quaternion. In partic-
ular we use i,j and k to denote the standard orthonormal basis for R3. Now
a quaternion, as the name already suggests, may be regarded as a 4-tuple of
real numbers, that is, as an element of R*. In this case we would write

q = (90,91, q2,93)

where qo, q1, g2 and g3 are simply real numbers or scalars. We shall adopt an
alternative way of representing a quaternion. First, we define a scalar part to
be some real number or scalar, say qo. Then we define a vector part, say q,
which is an ordinary vector in R3

q =1igq +jg2 + kg3
where i,j and k are the standard orthonormal basis in R3.We now define a
quaternion as the sum
Q=q +9=qo+iq +jg + kgs.

In this sum, qq is called the scalar part of the quaternion while q is called the
vector part of the quaternion. The scalars qg, q1, g2, g3 are called the compo-
nents of the quaternion.
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Equality and Addition: We begin by saying two quaternions are equal if
and only if they have exactly the same components, this is to say that if

P = po +ip1 + jp2 + kps3

and
Q = qo +1iq1 +jg2 + ka3
then P = @ if and only if

bPo = Qo
Pt = q
P2 = Q2
p3 = 4qs.

The sum of the two quaternions P and @ above is defined by adding the
corresponding components, that is

P+ Q = (po+qo) +i(p1 +q1) +i(p2 + ¢2) + k(ps + g3).

Multiplication: The product of two quaternions P = pg+p and Q = qo+q
in the more concise form is

P®@Q = pogo — (P, q) + poq+gp +p x q.
where (,) is the (Euclidian) inner product and X is the vectorial product in

R3 [3].

The Complex Conjugate: The complexr conjugate of the quaternion
Q@ =qo+a=q +iq +jg + kg3
to be the quaternion, denoted by Q*, and given by
Q" =q0 —a=q —iq1 — jg2 — kgs.

The Norm: The norm of a quaternion @, denoted by N(Q) or |Q|, some-
times called the length of @), is the scalar defined

N@Q) = vQ Q.

Inverse Of The Quaternion: Inverse of the quaternion is denoted by Q~*
and is defined
Q*

-1 _
¢ =)
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Quaternion Description Of Rotations: It is well known that rotation
matrices X = R(8,n)X correspondence with the unit quaternions, @, where
Q=1

X' =0xqQ*
The scalar part, zg, of X is transformed into a:E) = (QQ*)xo = zp.
X'.X' = X.X. Since the scalar part is left unchanged, we also have x . x =
x.x, which is sufficient to prove that the transformation is a rotation. The
vector part, x of X is transformed into

x = (g5 — a-q)x + 2g0q X x + 2q(q.x). (1)
It is reminiscent of the trigonometric double angle formulas. Suppose we want
to rotate by 6 about a line passing through the origin, and pointing in the
direction n. The theorem in the last section shows that we can accomplish
this transformation maps vector to the vector

’
UV = nganivning.

This can be written as

v = Cylv) = qug
where
q = Nanj.
In order to do this we have used the fact that since n; is associated with a unit
vector, then ni_l = —n;, and also the fact that (ngn;)~! = nl_lngl. A direct
calculation shows that
0 0

Q = +(cos( ), sin(5)n) 2)
where n is a unit vector and the sign depends on the choice of unit normals
for the two planes.Clearly, the rotation is independent of the sign of Q). By

choosing
Q=Q(0,n) = cosg + sin gn, (3)

we make the two equations identical. This can also be written in a form
similar to R(#,n) = exp(IN) =eN. First, note that, as a quaternion product,
n’? = —1. By manipulation of the power series, just as was done for rotation
matrices, we find

Q(0,n) = e(2m = cosg + sin gn. (4)

We have now exhibited the correspondence between unit quaternions and
proper orthogonal matrices as representations of rotations.

Q(0,n) — R(H,n).

This correspondence is a group homomorphism because
P(QXQ*)P* = PQXQ*P* = (PQ)X(PQ)*.
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It is not quite an isomorphism,since both Q(f,n) and —Q(6,n) correspond to
the same orthogonal matrix. Given the elements of a unit quaternion, @, the
elements of the corresponding rotation matrix, R is obtained,

@+ai—a3— a3 22(—(]02(13 +2q1qz)2 2(qoq2 + q193)
R=| 2qeu+en) -9+ —9aG 22(—6102611 +2q2Q3)2
2(—qoq2 + ¢3q1)  2(qoq1 + @392) @ — ¢ — @ + 45

Dual Quaternion Kinematics Equations: The kinematics equations of
the serial chain can be defined using elements of the clifford algebra, known
as dual quaternions, instead of 4 x 4 homogenous transforms. The advantage
is primarily a compact representation of the rotation matrix, and also a useful
structure that assists the elimination of the joint variables. A spatial displace-
ment consisting of a rotation by 6 and slide by d around and along a screw S
is written as the dual quaternion

5= sin(g)S—F COS(g),
where 6 = 0+ ed and S = S+ep x S is the dual vector formed from the Pliicker
coordinates of the screw axis. Recall that € is the dual unit with the property

€2 = 0, and that the sine and cosine of a dual angle are defined by

0 d . 0
COS§:COS§—€§SIH§,
and
N d 6
smg—sm?—i—eicosg

1.3. Dual Quaternions and Spatial Displacements. The coordinate trans-
formation, [T] = [A, d], that defines the position of a body M relative to fixed
frame F' can be represented by a dual quaternion 7 = Z+¢€Z9. The real part,
Z = Zy+ Z1i + Zsj + Zsk, is defined by the Euler parameters of the rotation
[A]. The dual part, Z° is given by the formula:

A (%)DZ
where D = dyi + doj + dsk is the quaternion formed from the translation
vector d = (dj,da,ds). Let d be written in terms of the screw parameters of
the displacement,
d = ds+ c— [Alc, given by d = ds + [I — AJe. Writing each of these vectors
in quaternion form we obtain

D=dS+C—2ZCZ*,
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and
70 = (%)(dSZ +C7Z - 20).
Expanding this expression we obtain
z) = (g) cos(%)sm + sin(%)sz,
zZy = (g) cos(%)sy + Sin(%)sz,
2 = (G o). +sin(5)s:
2 = ~(Ssn(®)

where s* = ¢ x s. Let the dual vector s = s+ecx s represent the screw axis and
let ¢ = ¢ + ed be the dual angle defining the rotation about and translation
along 5, then we find that the dual quaternion Z = Z + €Z° becomes

~ ~ ~ ~

7 = cos(?) + 5 sin(?)i + 5 sin(?)j + 5 sm(?)k.
2 2 2 2

Thus the components of a dual quaternion are obtained by replacing the Euler

parameters with their dual versions, known as the dual Fuler parameters of

the spatial displacement. Using the dual Euler parameters, we can represent

the dual orthogonal matrix, [A] = [A] 4 €[D][A], by a dual version of [A] =

I+ 2sin(%) COS(%)[S] +2 sin2(%)[52]:

o~ o~

[A] =1+ 28in(§) cos(g)[g] + 2sin2(§
Let w = w + ev be the dual vector form of the screw W = (w,v). This dual
vector can be identified with the dual quaternion

<)

)[S2).

W = (w1 + €ev1)i + (w2 + €v2)j + (w3 + evs3)k

called a dual vector quaternion. If w defines the coordinates of a screw in
reference frame M, then the coordinates of the screw measured in another
frame F' is given by the dual quaternion w’,defined by the transformation:

W =ZwZ"
where Z* is the conjugate of Z [6]. For some related papers or books on the

topics, one can also refer to the works [4], [5], [8], [9], [10], [12], [15], [11] and
the references mentioned therein.
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1.4. Modelling a Robot: Link Coordinate System Assignment. Given
an n degree of freedom robot arm, this algorithm assigns an orthonormal co-
ordinate system to each link of the robot arm according to arm configurations
similar to those of human arm geometry. The labeling of the coordinate sys-
tems begins from the supporting base to the end-effector of the robot arm. The
relations between adjacent links can be represented by a 4 x 4 homogeneous
transformation matrix.

D1. FEstablish the base coordinate system. Establish a right-handed or-
thonormal coordinate system (xg,yo,2o) at the supporting base with the z
axis lying along the axis of motion of joint 1 and pointing toward the shoulder
of the robot arm. The xg and y( axes can be conveniently established and are
normal to the zy axis.

D2. Initialize and loop. For each ¢, i = 1,...,n — 1,perform steps D3 to D6.

D3. Establish joint axis. Align the z; with the axis of motion (rotary and
sliding) of joint i+ 1. For robots having left-right arm configurations, the z;and
Z9 axes are pointing away form the shoulder and the ”trunk” of the robot arm.

D4. Establish the origin of the ith coordinate system. Locate the origin of
the ith coordinate system at the intersection of the z; and z; 1 axes or at the

intersection of common normal between the z; and z;_1 axes and the z; axis.
D5. PEstablish x; azis. Establish x; = iiﬁzfjizf‘)‘ or along the common

normal between the z; _jand z; axes when they are parallel.

(ZiXXi)

[z x|

D6. FEstablish y; axis. Assign y; = +

to complete the right-handed
coordinate system.

D7. Establish the hand coordinate system. Usually the nth joint is a rotary
joint. Establish z, along the direction of z,,_1 axis and pointing away from the
robot. Establish x,, such that it is normal to both z,_1 and z, axes. Assign
yn to complete the right-handed coordinate system.

D8. Find joint and link parameters. For each ¢, ¢ = 1,...,n — 1,perform
steps D9 to D12.

D9. Find d;; d; is the distance from the origin of the (i — 1)th coordinate
system to the intersection of the z;_; axis and the x; axis along the z;_; axis.
It is the joint variable if joint ¢ is prismatic.

D10. Find a;; a; is the distance from the intersection of the z;_; axis and
the x; axis to the origin of the ith coordinate system along the x; axis.

D11. Find 0;; 6; is the angle of rotation from the x;_ 1 axis to the x; axis
about the z; 1 axis. It is the joint variable if joint ¢ is rotary.

D12. Find «;; oy is the angle of rotation from the z; 1 axis to the z; axis
about the x; axis [2].



72 SENAY BAYDAS AND BULENT KARAKAS

2. Modelling of 2 x 3R

In this section we will give a short summary from [13] and [14] which include

some necessary knowledge that are used in Section 3. At the starting stage,
the model parts are as in Figure 1. Let’s take 2- models, which are represented
by Robot L and Robot R, with 3 revolute joint. Model which consists of two
parts is: Part L :{Jo(), J(]l, JOQ, Jog} and Part R :{JOG, J05, J04, Jog}.we
defined 2 x 3R robotics modelling as a model which consists of Part L and
Part R.

Zo3 Zo3
o7 o
Yos Yo3
Xo: X03
Zon2 Zos
:
L o P
Yoz Yo+
X02 1X04
Joi Zoy Jo Zoo Jos Z05 Joe Zo6
YUT_' Xoo Yos Xo6
\
Xo1 Yoo Xos Yoo
FIGURE 1

2.1. Matrices of the Motion. In order to be able to write the matrices of
the motion, initially, lets construct a mechanical system and replace a frame
to every joint:

The frame at Jyo is Fyo (fixed frame), the frame at Jy; is My (moving
frame), the frame at Jyg is Mpy (moving frame), the frame at Jo3 is Mps
(moving frame), the frame at Jos is Mos( moving frame), the frame at Jos is
Mos (moving frame), the frame at Jog is Mg (moving frame). This mechanism
is like Figure 1. The diagram of the first step has been given in Figure 2.
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FIGURE 2

73

Let’s show the first leg motion with Wj. Matrix of the motion which takes

Py (cCH,cS8) as pole point:

0914 —5914 0 cCO— 60(9 + 914)
5914 0914 0 eSO — 05(9 + 914)

0 0 1 0 ’
0 0 0 1

[Wlpl] =

matrix of the motion which takes P5(b+ ¢, 0) as pole point:

0
Eb + C)(l — 0911)

Con S611 O
o —3011 0011 0 b + 0)3011
[Wlpz] - 0 0 1 0 )
0 0 0 1

matrix of the motion which takes P53(b + ¢, a) as pole point:

Chyp S61p 0 (b + C)(l - 0910) —aS0y
—S010 COip 0 (b+¢)SO1p+ a(l — Chyp)
0 0 1 0
0 0 0 1

[W1P3] =
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where, we used C as cos and S as sin,for the sake of brevity. The matrix of
W1 is
[WA] = [Wips ] [Wip, [[Wip, |

air a2 0 auy

ag1 agze 0 az

0 0 1 0 !
0 0 0 1

Where, al] = 0(914 - 911 — (910),

aig = —S(014 — 011 — 010),

ayy = cC(0—011—010)—cC(011+010—0—014)— (b+c)C(011+610)+(b+c)—aSbp,
az1 = S(014 — 011 — b10),

agzy = C(014 — 011 — 010) and

asy = 05(9 — 011 — 010) + 05(011 + 019 — 0 — 914) + (b + 0)5(911 + 910) +
a — aCfg. At the 2 x 3R modelling, motion ordering of the parts of the
mechanism is important. The indic can not give it a priority according to the
time parameter. A suitable ordering of indic of the links, together with motion
containing t for the time parameter t has been given. Let I = {1,2,3,4,...,n}
and J ={1,2,3,4}. Let’s give a relation on

IxJ={(1,1),(1,2),(1,3),(1,4),(2,1), ..., (n, 1), (n,2), (n,3), (n,4)} .
For all (i,7), (b,k) € I x J;

1<b .. . .
let i—b= <k } < (1,7) < (b,k). This is an order relation. Then, the
order is:

(1,1) (1,2) (1,3) (1,4) (2,1) (2,2) (2,3) (2,4) ,..., (n,1) (n,2) (n,3) (n,4)

and in addition to this relation, Tj; are interval end points. As it is 711 = 0,
and if [0,¢] interval is a and t;; has shown the parameters at this interval, it

0 t
Tn To Tos Tu To Te e T

is tij € [z_’iijl'jJrl:I. And so, the axes is

Tu T2 Tis T T2 T-2 T2 Toa
tn ti2 tis 21 2 23

14 24
interval of interval of
standstill standstill

Then, time distribution of W; could be written as below:
014(t11),

011(t12),
G10(t13)-
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Similarly, the matrix of oW is
W] = (2 W2 W2 W],

where,

i 0259 5259 0 dl i

. —5259 0259 0 dg
Le2W1=1 0 10 |
|0 0 01 |

[ O30 —So930 0 df ]

| Sa30 C30 0 d
L2V 0 0 10 |’
|0 0 01 |
[ Cy0  Sogf 0 d) ]

| =Sa68 Caxb 0 dy

b2Wl=1 0 10
|0 0 01 |

The matrix of the third step is
[W3] = [W3p3] [W3p2] [W3p1]7

where,
[ CO3;  S63 0 dy ]
| =S8035 Cls1 0 dy
{W3p1] - 0 0 1 0 )
i 0 0 0 1 ]
[ CO33 —S6535 0 d’1 i
S033 (Cls33 0 d’2
[W?)pz] - 0 O 1 0 )
i 0 0 0 1 ]
i COs39 SOy 0 d’l’
| =803 Cl3p O ’2’
Wapal = | g 0 10
i 0 0 0 1 ]

The matrix of WS is
[WS] = [ 3PWS][ 2PWS][ 1PWS]7

where,
Cinrsf Syt 0 da
_ | Smr1sl Crngnst 0 do
[W5] = 0 0 1 0 |’
0 0 0 1

75
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[ Clng1y30 —Smy1ysf 0 d:1 ]
_ | Szt Crrzfd 0 dy
LTS 0 0 1 0
0 0 0 1
Clat1)20  Sny1)20 0 d;: |
5P 0 0 1 0
0 o 0 1 |

The matrix of Sy is

[51] = [S1,5] [S1,,] [S155] [S1] [S1,]

where,

[ COioyt SOpion 0 dy ]

_ | =SOms21 COpyopn 0 do
[Slm] - 0 0 1 0 9
I 0 0 0 1 |

[ COion —SOmson 0 dy ]

_ | SO COpioyn 0 dy
[Slpz] 0 0 1 0 9
0 0 0 1

[ COpizyy SOz 0 dy ]

_ | ~S0mi22 Clpizy O dy

[51pa] 0 0 10
I 0 0 0 1 |
COini2)s —SOny2)z 0 dg: |

[S1p4] 0 0 1 0
0 0 0 1 |

COniays SOnyza 0 dy

—S6 co 0 d,’

Sy ] = (n+2)4 (n+2)4 2

[S1ps] 0 0 1 0

0 0 0 1

The matrix of 95 is

[ 28] =1[_,250[ ,,2510 ;25 ,,251[ 25T,
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where,

[ p25] =

The matrix of SW is

[ Clnts)50  Smasystd 0
—Sm13)50  Clnysyst 0
0 0 1
0 0 0
[ Clny3)50 —Smez)sf 0
S35 Clagsyd 0
0 0 1
0 0 0
[ Clugsysl  Snysad 0
—Snt3)40 Clarzyat 0
0 0 1
0 0 0
[ Clnts)3d —Smezysd 0
Snt3)30  Clnyzyzd 0
0 0 1
0 0 0
Cint3)20  Senyspt 0
—Sn43)20 Clagspt 0
0 0 1

0 0 0

[SW] = [SWsz [SWm] [SWps] [Ssz] [SWm]a

where,

[SWpl] =

[ COuyminyt SOmimiin
—50(n+mi11 COmimiin

0 0
COntm+nt  —S0mim+1n
SO0tmi1 COumimiin

0 0

0 0
COniminz  SOtntmr1)2

—S50(ntmt1)2 COims1)2

0 0

o= O O o= O O o= O O

7
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COnrmins —SOmimins 0 d;

— S0 n+m+1)3 co n+m+1)3 0 d2

0 0 0 1
COnimino  SOmimiro 0 d;::

(SW,,] = —SOnrmi10 COnymyo 0 do
0 0 1 0

0 0 0 1

3. Quaternion Forms of the Motions Defined as 2 x 3R Robotics
Modelling

The matrix of Wy was

(W] = Wi | [Wap, | [Wip, .

The rotation axes and the rotation angles which are belong to parts of motion
of W7 are given at Table 1.

Axis Rotation angle | Quaternion form
[Wlpl} Z — axrts (914(t11) lepl
[Wlpg} Z — axis 911(1512) QWle
Wips] | 2 — axis | 10(t13) Qwiy,
Table 1

And, Qwy,, s Qwry, QWlPs quaternion forms are as follows:

O14(t O14(t
Qu,, = (@) 4 (g,0,1)5M10))

011(t12) 011 (t12)
2

—(0,0,1)S ),

).

QWlPQ - (C

Ow. = (0910(t13) (0,0 1)5910(t13)
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Finally, quaternion form of Wj is

Qw, = Qwy,y, ® Qwy,, @ Qwyy,
_ (cboths) _ (0,0,1)5010(2“3)) ® (09“(;12) — (0,0, 1)59“(2“2))
®(0914(2t11) + (0,0, 1)5914(;11))
_ (CM 0.0 5910(t13))) @ (0911(;12) (0.0, S911(2t12)))
eclatn) g g 5914(;“)))
_ ((0910(;13)0911(;12) B 5910(;13)5911(;12))
+0,0, _0910(;13)5911(;12) _ 5910(;13)0911(;12)))
®(0914(2t1 1) +0,0, S914(2t11)))
_ (C9lo(t13) -; 011(t12) (0,0, _8910(t13) -; 011(t12) )
®(CM + (0,0, 5914(;”)))
_ (0910(7513) ;L 011(t12) 914(2 11) Selo(tw) JQr 911(7512)5914(;11))
+0,0, C,910(7513) ;- 011 (t12) 914(;11) _ 8910(t13) ;- 911(t12)0914(2t11))
_ (0914(7511) — 910(2t13) — 011(t12) (0,0, S914(t11) — 910(;13) — 911(t12)))
_ (0914(7511) - 910(;13) — 011(t12) (0,0, 1)5914(1511) - 910(27513) - 911@12))‘
Similarly, we can write quaternion form of oW and W as follows:
Qow = Qw®Q ,wQ w
= (0%9(;23) ~ (0,0, 1)5%9(;23)) ® (0236(;22) + (0,0, 1)523‘9(;22))
) g1y
_ ((0260(2t23) 239(2t22) N 5269(2t23)5236(2t22))
+(0,0, 0269(t23)5239(t22) 5269(t23)0239(t22)))

2 2 2 2
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®(0259(2t21) _ (0,0, 1)52519(27521))

0239(7522) ;26 0(t23) (0,0, 5239(t22) ;26 9(7523))

®(C259(7521) _ (0’075259(7521)))

((0239@22) ;26 9(7523)0259(;21) N 5239(7522) ;26 9(t23)3259(2t21)) n

(0,0, _0239(7522) ;26 9(7523)5259(;21) 4 5239(t22) ;26 9(t23)0259(2t21)))

0239(7522) —26 '9(27523) —25 0(t21) +(0,0, 8239(7522) —26 9(2t23) —25 9(t21))

(0239(7522) —26 9(27523) 25 0ta1) (0.0, 1)5239(t22) —26 9(27523) —25 0(t21) )

FIGURE 3

= Qwsyy, ® Qwa,, @ Qwy,

= (o %olls) g g, 1)5030(;33)) o 2202 |, 1)5933(;32))
ot o 1)5931(;31))

_ (0933(7532) — B30(t33) — 031(t31) + (0,0, 1)5933(t32) — 030(t33) — O31(t31)

2 2

).
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Quaternion form of WS is

Qws = Qupws @ Qupws ®Q pws

(nt1)20 (t(nr1)2)
2
(n+1)39

(nt1)20 (t(nr1)2)
2 )
(n+1)30(t(ng1)2) )

- (C ~(0,0,1)S

—~

(C tny1)2)

+(0,0,1)S

\)

(n+1)59(t(ns1)1)

®(C

—(0,0,1)S

M| B

(n+1)59(E(ng1)1)
2 )

(4130 En1)2) —m+1)2 0 (nt1)2) —(mt1)5 OEns1)1)
2
Ot (n+1)2) —(n+1)2 Ot (nr1)2) —(n+1)5 H(t(n+1)1))
5 )

Similarly, quaternion form of S; and 25 are as below:
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Finally, quaternion form of SW is:

Qsw = Qsw,, ®Qsw,, ® Qsw,, ® Qsw,, @ stp1
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4. Conclusion

In this study, matrices of the walking and climbing the stairs motion of the
model, which is defined as 2 x 3R robotics modelling, have been obtained.
The chain of motions belonging to the model is important because the fixed
frame’s placement could be re-fixed in all stages. The motion is independent
of the order of the indic in many stages. Because of this, the order relation,
which is well-matched with the given indic, was defined on the time line. The
matrices of the motion of Wy, oW, W3, WS, 51, 25 and SW were obtained.
Consequently, we wrote quaternion forms of Wy, oW, Wi, WS, 51, 25 and
SW.

— =
o, o
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